Path Integral and Effective Hamiltonian in Loop Quantum Cosmology by Huang, Haiyun et al.
ar
X
iv
:1
10
2.
47
55
v4
  [
gr
-q
c] 
 27
 Ju
n 2
01
1
Path Integral and Effective Hamiltonian in Loop Quantum Cosmology
Haiyun Huang,∗ Yongge Ma†,‡ and Li Qin§
Department of Physics, Beijing Normal University, Beijing 100875, China
We study the path integral formulation of Friedmann universe filled with a massless scalar field in loop quan-
tum cosmology. All the isotropic models of k = 0,+1,−1 are considered. Since the transition amplitude in the
deparameterized framework can be expressed in terms of group averaging, the path integrals can be formulated
for both deparameterized and timeless frameworks. It turns out that the effective Hamiltonian derived from
the path integral in deparameterized framework is equivalent to the effective Hamiltonian constraint derived
from the path integral in timeless framework, since they lead to same equations of motion. Moreover, the ef-
fective Hamiltonian constraints of above models derived in canonical theory are confirmed by the path integral
formulation.
PACS numbers: 04.60.Kz, 04.60.Pp, 98.80.Qc
I. INTRODUCTION
A core concept of general relativity is that physical theory should be background independent, which indicates that the gravity
and matter evolve as a whole entity without anything pre-existed. This idea is being carried out in loop quantum gravity
(LQG)[1–4], which is a non-perturbative and background independent quantization of general relativity. The construction of
LQG inspired the research on spin foam models (SFMs) [5], which are proposed as the path-integral formulation for LQG.
In SFMs, the transition amplitude between physical quantum states is formulated as a sum over histories of all physically
appropriate states. The heuristic picture is the following. One considers a 4-dimensional spacetime region M bounded by two
spacelike 3-surfaces, which would correspond to the initial and final states for the path integral. The feature of SFMs is to
employ the spin network states in LQG to represent the initial and final states. A certain path between the two boundaries is a
quantum 4-geometry interpolated between the two spin networks. The interpolated spin foams can be constructed by considering
the dual triangulation of M and coloring its surfaces with half integers and edges with suitable intertwiners. In order to obtain
the physical inner product between the two boundary states, we have to sum over all possible triangulations and colorings [1].
This is certainly difficult to be achieved.
On the other hand, the idea and technique of LQG is successfully carried on in the symmetry- reduced models, known as loop
quantum cosmology (LQC) [6]. Since the infinite degrees of freedom of gravity have been reduced to finite ones by homogeneity
(and isotropy), LQC provides a simple arena to test the ideas and constructions of the full LQG. Therefore, it is also desirable
to test the idea and construction of SFMs by LQC models [7]. It was shown in Refs.[8, 9] that the transition amplitude in the
deparameterized LQC of k = 0 Friedmann universe equals the physical inner product in the timeless framework, and concrete
evidence has been provided in support of the general paradigm underlying SFMs through the lens of LQC. Recently, the effective
Hamiltonian constraint of k = 0 LQC was also derived from the path integral formulation in timeless framework in Ref.[10], and
the effective measure introduces some conceptual subtleties in arriving at the WKB approximation. The purpose of this paper
is to study the path integral formulation of LQC mimicking the construction of SFMs and following [7–10]. Besides the k = 0
Friedmann-Rorberston-Walker (FRW) model, the k = ±1 models will also be considered. It turns out that the physical inner
product between boundary states, defined by group averaging approach, can be interpreted as sum over all possible quantum
states. Moreover, we will be able to derive the effective action and thus Hamiltonian of the above LQC models by the path
integral formalism in deparameterized framework as well as timeless framework. The effective Hamiltonian coincide with those
obtained by canonical approach. Hence the path integral and canonical formulations of LQC confirm each other. The effective
Hamiltonian constraints of above models in canonical theory are also confirmed by the path integral formulation. Starting from
the canonical LQC, we will derive the path integral formulation and the effective Hamiltonian of k = 0,+1,−1 FRW models
respectively in the following Sections 2, 3, and 4. To simplify the calculations, we will employ the simplified LQC treatments
[11].
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2II. PATH INTEGRAL FORMULATION OF k = 0 LQC
The model that we are considering is the spatially flat (k = 0) FRW universe filled with a massless scalar field. In the
kinematical setting, one has to introduce an elementary cell V in the spatial manifold and restricts all integrations to this cell.
Fix a fiducial flat metric oqab and denote by Vo the volume of V in this geometry. The gravitational phase space variables —the
connections and the density weighted triads — can be expressed as Aia = c V
−(1/3)
o
oωia and Eai = p V
−(2/3)
o
√
oq oeai , where
(oωia,
oeai ) are a set of orthonormal co-triads and triads compatible with oqab and adapted to V . p is related to the scale factor a
via |p| = V 2/3o a2. The fundamental Poisson bracket is given by: {c, p} = 8πGγ/3, where G is the Newton’s constant and γ
the Barbero-Immirzi parameter. The gravitational part of the Hamiltonian constraint reads Cgrav = −6c2
√
|p|/γ2. To apply the
area gap ∆ of full LQG to LQC [12], it is convenient to introduce variable µ¯ satisfying
µ¯2 |p| = ∆ ≡ (4
√
3πγ)ℓ2p, (2.1)
where ℓ2p = G~, and new conjugate variables [13, 14]:
v := 2
√
3 µ¯−3, b := µ¯c. (2.2)
The new canonical pair satisfies {b, v} = 2
~
. On the other hand, the matter phase space consists of canonical variables φ and
pφ which satisfy {φ, pφ} = 1. To mimic LQG, the polymer-like representation is employed to quantize the gravity sector. The
kinematical Hilbert space for gravity then reads Hgravkin = L2(RBohr, dµH), where RBohr is the Bhor compactification of the
real line and dµH is the Haar measure on it [15]. It turns out that the eigenstates of volume operator vˆ, which are labeled by
real number v, constitute an orthonomal basis in Hgravkin as 〈v1|v2〉 = δv1,v2 . For the scalar matter sector, one just uses the
standard Schrodinger representation for its quantization, where the kinematical Hilbert space is Hmattkin = L2(R, dφ). The total
kinematical Hilbert space of the system is a tensor product, Hkin = Hgravkin ⊗ Hmattkin , of the above two Hilbert spaces. As a
totally constrained system, the dynamics of this model is reflected in the Hamiltonian constraint Cgrav + Cmatt = 0. Quantum
mechanically, physical states are those satisfying quantum constraint equation
(Ĉgrav + Ĉmatt)Ψ(v, φ) = 0. (2.3)
It is not difficult to write the above equation as [16]
ĈΨ(v, φ) ≡ ( p̂
2
φ
~2
− Θ̂)Ψ(v, φ) = 0, (2.4)
where Θ̂ is a self-adjoint and positive-definite operator. On one hand, Eq.(2.4) indicates that we can get physical states by group
averaging kinematical states as [9]
Ψf (v, φ) =
∫ ∞
−∞
dα eiαĈ2|p̂φ| f(v, φ), (2.5)
and thus the physical inner product of two states reads
〈 f |g 〉phy = 〈Ψf |g 〉 =
∫ ∞
−∞
dα 〈f |eiαĈ2|p̂φ| |g〉. (2.6)
On the other hand, Eq.(2.4) can also be written as
∂2φΨ(v, φ) + Θ̂Ψ(v, φ) = 0. (2.7)
The similarity between Eq.(2.7) and Klein-Gorden equation suggests that one can regard φ as internal time, with respect to which
gravitational field evolves. In this deparameterized framework, we focus on positive frequency solutions, i.e., those satisfying
−i∂φΨ+(v, φ) =
√̂
ΘΨ+(v, φ) ≡ ĤΨ+(v, φ). (2.8)
The transition amplitude in deparameterized framework is then given by
A(vf , φf ; vi, φi) = 〈vf |eiĤ(φf−φi)|vi〉, (2.9)
3where |vi〉 and |vf 〉 are eigenstates of volume operator in Hgravkin , and φ is the internal time. As is known, this amplitude equals
to the physical inner product in the timeless framework [8, 9], i.e.,
A(vf , φf ; vi, φi) = 〈vf , φf |vi, φi〉phy, (2.10)
where |v, φ〉 is the eigenstate of both volume operator and scalar operator simultaneously in Hkin, which can be written as
|v〉|φ〉. In this sense, the right hand side of (2.10) can be written as
〈φf |〈vf |vi〉|φi〉phy =
∫ ∞
−∞
dα 〈φf |〈vf |eiαĈ2|p̂φ| |vi〉|φi〉, (2.11)
by inner product (2.6). Sine the constraint operator Ĉ has been separated into gravitational part and material part, which live in
Hgravkin and Hmattkin separately, by inserting a set of generalized basis |pφ〉 of Hmattkin , the right hand side of Eq.(2.11) becomes∫ ∞
−∞
dα〈φf |eiα
p̂2
φ
~2 2|p̂φ|
∫ ∞
−∞
dpφ|pφ〉〈pφ|φi〉〈vf |e−iαΘ̂|vi〉
=
1
2π~
∫ ∞
−∞
dpφ2|pφ| ei
pφ
~
(φf−φi)
∫ ∞
−∞
dα eiα
p2
φ
~2 〈vf |e−iαΘ̂|vi〉. (2.12)
Because we restrict the framework in positive frequency, a unite step function θ(pφ) has to be introduced to eliminate negative
valued pφ. Hence we have [7]
〈vf |eiĤ(φf−φi)|vi〉
=
1
2π~
∫ ∞
−∞
dpφ2|pφ|θ(pφ) ei
pφ
~
(φf−φi)
∫ ∞
−∞
dα eiα
p2
φ
~2 〈vf |e−iαΘ̂|vi〉. (2.13)
Thus, the transition amplitude in the deparameterized framework has been formulated by the group averaging. In order to
compute 〈vf |e−iαΘ̂|vi〉, we split the exponential into N identical pieces and insert complete basis, as is done in non-relativistic
quantum mechanics path integral,
〈vf |e−iαΘ̂|vi〉 =
∑
vN−1,...,v1
〈vf |e−iǫαΘ̂|vN−1〉〈vN−1|e−iǫαΘ̂|vN−2〉...〈v1|e−iǫαΘ̂|vi〉, (2.14)
where ǫ = 1N . In the limit N →∞(ǫ→ 0), the operator e−iǫαΘ̂ can be expanded to the second order, and hence we get
〈vn|e−iǫαΘ̂|vn−1〉 = δvn,vn−1 − iǫα〈vn|Θ̂|vn−1〉+O(ǫ2). (2.15)
To simplify the calculation, we now employ the Hamiltonian operator Θ̂ = Θ̂0 in the simplified LQC of k = 0 FRW model [11],
where Θ̂0 is a second order difference operator given by
Θ̂0Ψ(v) = −3πG
4
v[(v + 2)Ψ(v + 4)− 2vΨ(v) + (v − 2)Ψ(v − 4)]. (2.16)
This equation leads to
〈vn|Θ̂0|vn−1〉 = −3πG
4
vn−1
vn + vn−1
2
(δvn,vn−1+4 − 2δvn,vn−1 + δvn,vn−1−4). (2.17)
Applying (2.17) to (2.15) and writing Kronecker delta as integral of bn, which acts as the role of conjugate variable of vn, we
have
〈vn|e−iǫαΘ̂0 |vn−1〉
=
1
π
∫ π
0
dbn e
−ibn(vn−vn−1)/2(1− iαǫ3πG
4
vn−1
vn + vn−1
2
4 sin2 bn) +O(ǫ2).
(2.18)
4Applying (2.14) and (2.18) to (2.13), and taking ‘continuum limit’, we obtain
〈vf |eiĤ0(φf−φi)|vi〉
=
1
2π~
∫ ∞
−∞
dpφ 2|pφ|θ(pφ) ei
pφ
~
(φf−φi)
∫ ∞
−∞
dα eiα
p2
φ
~2
× lim
N→∞
∑
vN−1,...,v1
1
πN
∫ π
0
dbN ...db1
N∏
n=1
eibn(vn−vn−1)/2e−iαǫ
3πG
4
vn−1
vn+vn−1
2
4 sin2 bn
= lim
N→∞
∑
vN−1,...,v1
1
πN
∫ π
0
dbN ...db1
1
2π~
∫ ∞
−∞
dpφ2|pφ|θ(pφ)
∫ ∞
−∞
dα
×
N∏
n=1
exp i
[
ǫ
pφ
~
(φf − φi)− bn(vn − vn−1)/2 + αǫ
(
p2φ
~2
− 3πG
4
vn−1
vn + vn−1
2
4 sin2 bn
)]
. (2.19)
Supposing that we can integrate out pφ, α first and then take the limit, the final result comes up in a path integral formulation as
〈vf |eiĤ0(φf−φi)|vi〉 =
∫
Dv
∫
Db exp i
~
∫
dφ(
√
3πG~v sin b− ~v˙b
2
), (2.20)
where v˙ = dvdφ . From Eq.(2.20) we can read out the effective Hamiltonian of the deparameterized system as Heff =
−√3πG~v sin b, which coincides with that from canonical approach to first order.
Let us summarize what we have done to construct the path integral formulation of k=0 LQC. First, the transition amplitude
is expressed in terms of group averaging as (2.13). Secondly, for deparameterized framework, we cut the gravitational part of
exponential e−iαΘ̂ in the group averaging expression into N pieces and then calculate each exponential to the second order. Fi-
nally, we integrate out material variable pφ and the parameter α to get the transition amplitude in terms of exponential integrated
over all possible paths in gravitational phase space. Note that what we did in the second step is different from that in ordinary
quantum mechanics which concerns nothing about group averaging. Since our path integral formulation is to be constructed un-
der deparameterized framework, we regard the material part of eiαCˆ , i.e., eiαp
2
φ/~
2
, as complex function which can be integrated
out. Hence only the gravitational part e−iαΘˆ is split as (2.14). As a matter of fact, one may also split the whole eiαCˆ and get
the path integral formulation under timeless framework [10]. This two kinds of path integral formulation are equivalent to each
other. The two approaches will be compared for spatially curved FRW models in next sections.
III. PATH INTEGRAL FORMULATION OF k = 1 LQC
The spatial manifold Σ of k = 1 FRW model is topologically a 3-sphere S3. Unlike k = 0 model, we do not have to
introduce a fiducial cell V in it. Rather, the volume Vo of Σ with reference to a fiducial metric oqab is finite. We shall set
ℓo := V
1/3
o . The gravitational connections and the density weighted triads can still be expressed as Aia = c V
−(1/3)
o
oωia
and Eai = p V
−(2/3)
o
√
oq oeai . The fundamental Poisson bracket remains {c, p} = 8πGγ/3, and we introduce the same new
conjugate variables as in (2.2). However, the gravitational part of the Hamiltonian constraint of k = 1 model is different from
that in k = 0 model due to non-vanishing spatial curvature. In quantum theory, we have the same kinematical Hilbert space
Hkin = Hgravkin ⊗Hmattkin . The gravitational Hamiltonian constraint operator Θ̂1 can be written as a combination of diagonal and
off-diagonal part, whose action reads [17]
Θ̂1Ψ(v) = e
−iℓ0f Θ̂0e
iℓ0fΨ(v) + Θ˜1Ψ(v), (3.1)
where
f =
sgn v
4
| v
K
| 23 = f(v), K = 4
3
√
πγℓ2p
3∆
,
Θ˜1 = 3πGv
2[− sin2( µ¯ℓ0
2
) + (1 + γ2)(
µ¯ℓ0
2
)2] = Θ˜1(v), (3.2)
and Θ̂0 is the Hamiltonian operator in k = 0 model. The definition of K is in accordance with [14]. For simplicity, we
still employ the simplified treatment and use Eq.(2.16). To calculate the transition amplitude between two basis vectors in the
deparameterized framework as (2.10), we also need to calculate Eq.(2.15) with Θˆ replaced by Θˆ1. Note that the diagonal part
5〈vn|Θ˜1|vn−1〉 is easy to deal with by writing delta function as an integration over b. We are going to evaluate the nontrivial
off-diagonal part
〈vn|e−iℓ0f Θ̂0eiℓ0f |vn−1〉
= −3πG
4
vn−1
vn + vn−1
2
(
e−iℓ0[f(vn−1+4)−f(vn−1)]δvn,vn−1+4 − 2δvn,vn−1 + e−iℓ0[f(vn−1−4)−f(vn−1)]δvn,vn−1−4
)
. (3.3)
Since we would like to derive an effective action valid in low energy regime, we assume v ≫ 1 and hence get
f(v + 4)− f(v) = µ¯(v), f(v − 4)− f(v) = −µ¯(v). (3.4)
Thus, Eq.(3.3) turns out to be
〈vn|e−iℓ0f Θ̂0eiℓ0f |vn−1〉 = 3πG
4
vn−1
vn + vn−1
2
1
π
∫ π
0
db e−ib(vn−vn−1)/2 4 sin2(b− µ¯(vn−1)ℓ0
2
). (3.5)
Consequently, the matrix element of Θ̂1 can be calculated as
〈vn|Θ̂1|vn−1〉
=
1
π
∫ π
0
dbn e
−ibn(vn−vn−1)/2
[
Θ˜1(vn−1) + 3πG vn−1
vn + vn−1
2
sin2(b − µ¯(vn−1)ℓ0
2
)
]
. (3.6)
Therefore we have
〈vn|e−iǫαΘ̂1 |vn−1〉
=
1
π
∫ π
0
dbn e
−ibn(vn−vn−1)/2
[
1− iαǫ
(
Θ˜1(vn−1) + 3πG vn−1
vn + vn−1
2
sin2(b − µ¯(vn−1)ℓ0
2
)
)]
+O(ǫ2). (3.7)
Applying (3.7) and (2.14) to (2.13), and integrating out pφ and α, finally we arrive at the path integral formulation of k = 1
FRW model under deparameterized framework as
〈vf |eiĤ1(φf−φi)|vi〉
=
∫
Dv
∫
Db exp i
~
∫
dφ(~
√
Θ˜1(v) + 3πG v2 sin
2[b− µ¯(v)ℓ0
2
]− ~v˙b
2
).
(3.8)
This enable us to read out an effective action as
S[b, v] =
∫
dφ(~
√
Θ˜1(v) + 3πG v2 sin
2[b− µ¯(v)ℓ0
2
]− ~v˙b
2
), (3.9)
and thus the effective Hamiltonian under deparameterized framework,
Hdepeff = −~
√
Θ˜1(v) + 3πG v2 sin
2[b− µ¯(v)ℓ0
2
]. (3.10)
Hence the effective equations of this model can be derived by following Poisson brackets
v˙ = {v,Hdepeff } =
3πGv2 sin 2[b− µ¯(v) ℓ02 ]√
Θ˜1(v) + 3πG v2 sin
2[b− µ¯(v) ℓ02 ]
, (3.11a)
b˙ = {b,Hdepeff } = −
Θ˜′1(v) + 6πG v sin
2[b − µ¯(v) ℓ02 ]− 3πGv2 sin 2[b− µ¯(v) ℓ02 ]µ¯′(v)√
Θ˜1(v) + 3πG v2 sin
2[b− µ¯(v) ℓ02 ]
, (3.11b)
where a prime on a letter denotes the derivative with respect to the argument.
We could also develop path integral formulation of k = 1 FRW model under timeless framework. For the sake of simplicity,
group averaging can be re-defined in replacement of (2.6) as
〈 f |g 〉phy =
∫ ∞
−∞
dα 〈f |eiαĈ |g〉. (3.12)
6Thus the transition amplitude can be expressed as
A(vf , φf ; vi, φi) =
∫ ∞
−∞
dα〈φf |〈vf |eiαĈ |vi〉|φi〉
=
∫ ∞
−∞
dα
∫
dφN−1...dφ1
∑
vN−1,...,v1
N∏
n=1
〈φn|〈vn|eiεαĈ |vn−1〉|φn−1〉
= lim
N→∞
∫ ∞
−∞
dα
∫
dφN−1...dφ1
∑
vN−1,...,v1
N∏
n=1
〈φn|eiεα
p̂2
φ
~ |φn−1〉〈vn|e−iεαΘ̂1 |vn−1〉, (3.13)
where the second step is done by splitting the whole eiαĈ into pieces and inserting a complete basis. To calculate the material
part, we insert the basis of |pφn〉 and get
〈φn|eiεα
p̂2
φ
~ |φn−1〉 = 1
2π~
∫ ∞
−∞
dpφne
iεα
p2
φn
~ ei
pφn
~
(φn−φn−1). (3.14)
Applying (3.7) and (3.14) into (3.13), we obtain
A(vf , φf ; vi, φi)
= lim
N→∞
∫ ∞
−∞
dα
∫
dφN−1...dφ1
1
(2π~)N
∫ ∞
−∞
dpφ1 ...dpφN
∑
vN−1,...,v1
1
πN
∫ π
0
dbN ...db1
×
N∏
n=1
exp iε
[
pφn
~
φn − φn−1
ε
− bn
2
vn − vn−1
ε
+ α
(
p2φ
~2
− Θ˜1(vn−1)− 3πG vn−1 vn + vn−1
2
sin2(b− µ¯(vn−1)ℓ0
2
)
)]
.
(3.15)
Taking the ‘continuum limit’ in which
N∑
n=1
ε→ ∫ 1
0
dτ , we finally get the amplitude
A(vf , φf ; vi, φi)
=
∫
dα
∫
Dφ
∫
Dpφ
∫
Dv
∫
Db exp i
~
∫ 1
0
dτ
[
pφφ˙− ~v˙b
2
+ ~α
(
p2φ
~
− Θ˜1(v)− 3πG v2 sin2(b − µ¯(v)ℓ0
2
)
)]
,
(3.16)
where a dot over a letter denotes the derivative with respect to τ . From this formulation we could read out the effective Hamil-
tonian constraint of timeless framework as
Htlseff =
p2φ
~
− Θ˜1(v)− 3πG v2 sin2(b− µ¯(v)ℓ0
2
) = 0. (3.17)
Note that in [17] an effective Hamiltonian constraint under timeless framework was also given by canonical theory as
Heff := Ceff
16πG
=
A(v)
16πG
[
sin2 µ¯(c− ℓ0
2
)− sin2( µ¯ℓ0
2
) + (1 + γ2)
µ¯2ℓ20
4
]
+ (
8πγℓ2pl
6
)−
3
2B(v)
p2φ
2
= 0, (3.18)
where
A(v) = −27K
4
√
8π
6
ℓp
γ3/2
|v| ||v − 1| − |v + 1|| ,
B(v) =
(
3
2
)3
K|v|
∣∣∣|v + 1|1/3 − |v − 1|1/3∣∣∣3 . (3.19)
In low energy regime where v ≫ 1, we have
A(v) = −27K
4
√
8π
6
ℓp
γ3/2
2v,
B(v) =
K
v
+ O(v−3). (3.20)
7Then the effective Hamiltonian constraint (3.18) can be simplified as
Heff =
p2φ
~2
− {Θ˜1(v) + 3πG v2 sin2[b − µ¯(v) ℓ02 ]}
2 vK~2 (
8πγℓ2
pl
6 )
3
2
= 0. (3.21)
Note that (3.21) is slightly different from (3.17) by a factor 12 K~
2
v (
8πγℓ2pl
6 )
− 3
2 , which will not affect effective equations of motion.
The appearance of this factor is due to the difference of Eq.(2.3) from Eq.(2.4). The effective canonical equations of the model
can be derived from (3.21) as
dv
dτ
= {v,Heff} =
3πGv2 sin 2[b− µ¯(v) ℓ02 ]
v
K~2 (
8πγℓ2
pl
6 )
3
2
, (3.22a)
db
dτ
= {b,Heff} = −
Θ˜′1(v) + 6πG v sin
2[b− µ¯(v) ℓ02 ]− 3πGv2 sin 2[b− µ¯(v) ℓ02 ]µ¯′(v)
v
K~2 (
8πγℓ2
pl
6 )
3
2
, (3.22b)
dφ
dτ
= {φ,Heff} = 2pφ
2 vK~2 (
8πγℓ2
pl
6 )
3
2
=
√
Θ˜1(v) + 3πG v2 sin
2[b− µ¯(v) ℓ02 ]
v
K~2 (
8πγℓ2
pl
6 )
3
2
. (3.22c)
Note that we have chosen the plus sign in front of the square-root in Eq.(3.22c), since we focused on ‘positive frequency’ in
Eq.(2.8). This means that the inertial time φ is monotonically increasing with τ . It is easy to see that the effective equations
(3.11) can be derived from equations (3.22) by v˙ = dv/dτdφ/dτ and b˙ = db/dτdφ/dτ . Therefore, the effective action in (3.9) predicts the
same equations of motion for the k = 1 FRW universe as those of the canonical theory in [17]. The quantum bounce driven by
the quantum gravity effect would lead to a cyclic universe for this model. Moreover, the comparison between the path integrals
in the deparameterized framework and timeless framework implies their equivalence.
IV. PATH INTEGRAL FORMULATION OF k = −1 LQC
In k = −1 FRW model, the spatial manifold is noncompact just as that of k = 0 model, though it is curved. So we should
still choose a fiducial cell V in the spatial manifold and restrict all integrations on it. The gravitational phase space variables
Aia, E
a
i and new conjugate variables v, b are defined in the same ways as k = 0 model. In k = −1 LQC [18], by the simplified
treatment the off diagonal part of the gravitational constraint operator Θ̂−1 is exactly the Hamiltonian operator in k = 0 model,
while the k = −1 model contributes only diagonal part, i.e.,
Θ̂−1 = Θ̂0 + Θ˜−1, (4.1)
where
Θ˜−1 = −B(v)−1 8πGγ
2V
2/3
0
12K1/3
|v|1/3 × ||v + 1| − |v − 1||. (4.2)
In the low energy regime (v≫ 1), we have
Θ˜−1(v) = −3πGv2γ2V
2
3
0 µ¯
2. (4.3)
In the simplified treatment, we can still apply the Θ̂0 in (2.16) to (4.1). Thus, by Eq.(2.17), we can easily write down the matrix
element of Θ̂−1 as
〈vn|Θ̂−1|vn−1〉
=
1
π
∫ π
0
dbn e
−ibn(vn−vn−1)/2[Θ˜−1(vn−1) + 3πG vn−1
vn + vn−1
2
sin2 µ¯c]. (4.4)
Hence, through the approach outlined in Section 2, the path integral formulation of the deparameterized framework for k = −1
FRW model can be obtained as
〈vf |eiĤ−1(φf−φi)|vi〉
=
∫
Dv
∫
Db exp i
~
∫
dφ(~
√
Θ˜−1(v) + 3πG v2 sin
2 b− ~v˙b
2
). (4.5)
8Thus the effective Hamiltonian can be read out as
Hdepeff = −~
√
3πGv2
(
sin2 b− γ2V
2
3
0 µ¯
2
)
. (4.6)
Though Poisson bracket we obtain the following effective equations
v˙ = {v,Hdepeff } =
3πGv2 sin 2b√
3πGv2
(
sin2 b − γ2V 230 µ¯2
) , (4.7a)
b˙ = {b,Hdepeff } = −
6πGv sin2 b− 6× 31/3πGγ2V
2
3
0 v
1
3√
3πGv2
(
sin2 b− γ2V
2
3
0 µ¯
2
) . (4.7b)
On the other hand, we can also use (4.4) in the path integral formulation of timeless framework as in Section 3 to get the
transition amplitude of k = −1 model as
A(vf , φf ; vi, φi)
=
∫
dα
∫
Dφ
∫
Dpφ
∫
Dv
∫
Db exp i
~
∫ 1
0
dτ
[
pφφ˙− ~v˙b
2
+ ~α
(
p2φ
~
− Θ˜−1(v)− 3πG v2 sin2 b
)]
. (4.8)
The effective Hamiltonian constraint for k = −1 FRW model is then derived as
Htlseff =
p2φ
~
− 3πGv2
(
sin2 b− γ2V
2
3
0 µ¯
2
)
= 0. (4.9)
Also, Eq.(4.9) is in accordance with the Hamiltonian constraint given by the canonical theory in [18], which reads
Heff = − 3
√
|p|
8πGγ2µ¯2
sin2(µ¯c) +
3
√
|p|V 2/30
8πG
+ |p|3/2ρM
=
p2φ
~
− 3πGv2
(
sin2 b − γ2V
2
3
0 µ¯
2
)
2 vK~2 (
8πγℓ2
pl
6 )
3
2
= 0. (4.10)
It is easy to check that equations (4.7) are equivalent to the effective equations derived by the Hamiltonian (4.9) or (4.10), and
the classical big bang singularity is also replaced by a quantum bounce in k = −1 LQC.
In conclusion, the path integral formulation for all FRW models of k = 0,+1,−1 have been obtained. In all these models, one
can express the transition amplitude in the deparameterized framework in terms of group averaging. The effective Hamiltonian
in deparameterized framework and the effective Hamiltonian constraint in timeless framework can respectively be derived by the
path integrals. They lead to same equations of motion and hence coincide with each other. The effective Hamiltonian constraints
given by the canonical theories of the three models are also confirmed by the path integral formulation. Hence the canonical and
path integral formulations of LQC coincide.
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Path Integral and Effective Hamiltonian in Loop Quantum Cosmology
Haiyun Huang,∗ Yongge Ma†,‡ and Li Qin§
Department of Physics, Beijing Normal University, Beijing 100875, China
We study the path integral formulation of Friedmann universe filled with a massless scalar field in loop
quantum cosmology. All the isotropic models of k = 0,+1,−1 are considered. To construct the path integrals
in the timeless framework, a multiple group-averaging approach is proposed. Meanwhile, since the transition
amplitude in the deparameterized framework can be expressed in terms of group-averaging, the path integrals
can be formulated for both deparameterized and timeless frameworks. Their relation is clarified. It turns out
that the effective Hamiltonian derived from the path integral in deparameterized framework is equivalent to the
effective Hamiltonian constraint derived from the path integral in timeless framework, since they lead to same
equations of motion. Moreover, the effective Hamiltonian constraints of above models derived in canonical
theory are confirmed by the path integral formulation.
PACS numbers: 04.60.Kz, 04.60.Pp, 98.80.Qc
I. INTRODUCTION
A core concept of general relativity is that physical theory should be background independent, which indicates that the gravity
and matter evolve as a whole entity without anything pre-existed. This idea is being carried out in loop quantum gravity
(LQG)[1–4], which is a non-perturbative and background independent quantization of general relativity. The construction of
LQG inspired the research on spin foam models (SFMs) [5], which are proposed as the path-integral formulation for LQG.
In SFMs, the transition amplitude between physical quantum states is formulated as a sum over histories of all physically
appropriate states. The heuristic picture is the following. One considers a 4-dimensional spacetime region M bounded by two
spacelike 3-surfaces, which would correspond to the initial and final states for the path integral. The feature of SFMs is to
employ the spin network states in LQG to represent the initial and final states. A certain path between the two boundaries is a
quantum 4-geometry interpolated between the two spin networks. The interpolated spin foams can be constructed by considering
the dual triangulation of M and coloring its surfaces with half integers and edges with suitable intertwiners. In order to obtain
the physical inner product between the two boundary states, we have to sum over all possible triangulations and colorings [1].
This is certainly difficult to be achieved.
On the other hand, the idea and technique of LQG is successfully carried out in the symmetry-reduced models, known as
Loop Quantum Cosmology (LQC) [6]. Since the infinite degrees of freedom of gravity have been reduced to finite ones by
homogeneity (and isotropy), LQC provides a simple arena to test the ideas and constructions of the full LQG. Therefore, it
is also desirable to test the idea and construction of SFMs by LQC models [7]. It was shown in Refs.[8, 9] that the transition
amplitude in the deparameterized LQC of k = 0 Friedmann universe equals the physical inner product in the timeless framework,
and concrete evidence has been provided in support of the general paradigm underlying SFMs through the lens of LQC. How
to achieve local spinfoam expansion in LQC was also studied in Refs. [10, 11]. Recently, the effective Hamiltonian constraint
of k = 0 LQC was derived from the path integral formulation in timeless framework in Ref.[12], and the effective measure
introduces some conceptual subtleties in arriving at the WKB approximation. The purpose of this paper is to study the path
integral formulation of LQC mimicking the construction of SFMs and following [7–9, 11, 12]. The new ingredient in this work
is to formulate the path integrals by multiple group-averaging rather than to divide a single group-averaging. Besides the k = 0
Friedmann-Rorberston-Walker (FRW) model, the k = ±1 models will also be considered. It turns out that the physical inner
product between boundary states, defined by group-averaging approach, can be interpreted as sum over all possible quantum
states. The relation between the path integral formalism in timeless framework and that in deparameterized framework can
be revealed by the group-averaging. Moreover, we will be able to derive the effective action and thus Hamiltonian of the
above LQC models by the path integral formalism in timeless framework as well as deparameterized framework. The effective
Hamiltonian coincide with those obtained by canonical approach. Hence the path integral and canonical formulations of LQC
confirm each other. The effective Hamiltonian constraints of above models in canonical theory are also confirmed by the path
† Corresponding author
∗Electronic address: haiyun@mail.bnu.edu.cn
‡Electronic address: mayg@bnu.edu.cn
§Electronic address: qinli051@163.com
2integral formulation. Starting from the canonical LQC, we will derive the path integral formulation and the effective Hamiltonian
of k = 0,+1,−1 FRW models respectively in the following Sections 2, 3, and 4. To simplify the calculations, we will employ
the simplified LQC treatments [13]. Note that, although the path integrals of k = 0 FRW LQC have been studied in both
deparameterized and timeless frameworks, we propose a new formulation by the multiple group-averaging approach.
II. PATH INTEGRAL FORMULATION OF k = 0 LQC
The model that we are considering is the spatially flat (k = 0) FRW universe filled with a massless scalar field. In the
kinematical setting, one has to introduce an elementary cell V in the spatial manifold and restricts all integrations to this cell.
Fix a fiducial flat metric oqab and denote by Vo the volume of V in this geometry. The gravitational phase space variables —the
connections and the density weighted triads — can be expressed as Aia = c V
−(1/3)
o
oωia and Eai = p V
−(2/3)
o
√
oq oeai , where
(oωia,
oeai ) are a set of orthonormal co-triads and triads compatible with oqab and adapted to V . p is related to the scale factor a
via |p| = V 2/3o a2. The fundamental Poisson bracket is given by: {c, p} = 8πGγ/3, where G is the Newton’s constant and γ
the Barbero-Immirzi parameter. The gravitational part of the Hamiltonian constraint reads Cgrav = −6c2
√
|p|/γ2. To apply the
area gap ∆ of full LQG to LQC [14], it is convenient to introduce variable µ¯ satisfying
µ¯2 |p| = ∆ ≡ (4
√
3πγ)ℓ2p, (2.1)
where ℓ2p = G~, and new conjugate variables [13, 15–17]:
v := 2
√
3 µ¯−3, b := µ¯c. (2.2)
The new canonical pair satisfies {b, v} = 2
~
. On the other hand, the matter phase space consists of canonical variables φ and
pφ which satisfy {φ, pφ} = 1. To mimic LQG, the polymer-like representation is employed to quantize the gravity sector. The
kinematical Hilbert space for gravity then reads Hgravkin = L2(RBohr, dµH), where RBohr is the Bhor compactification of the
real line and dµH is the Haar measure on it [18]. It turns out that the eigenstates of volume operator v̂, which are labeled by
real number v, constitute an orthonomal basis in Hgravkin as 〈v1|v2〉 = δv1,v2 . For the scalar matter sector, one just uses the
standard Schrodinger representation for its quantization, where the kinematical Hilbert space is Hmattkin = L2(R, dφ). The total
kinematical Hilbert Space of the system is a tensor product, Hkin = Hgravkin ⊗ Hmattkin , of the above two Hilbert spaces. As a
totally constrained system, the dynamics of this model is reflected in the Hamiltonian constraint Cgrav + Cmatt = 0. Quantum
mechanically, physical states are those satisfying quantum constraint equation
(Ĉgrav + Ĉmatt)Ψ(v, φ) = 0. (2.3)
It is not difficult to write the above equation as [19]
ĈΨ(v, φ) ≡ ( p̂
2
φ
~2
− Θ̂)Ψ(v, φ) = 0. (2.4)
On one hand, Eq.(2.4) indicates that we can get physical states by group averaging kinematical states as [10]
Ψf(v, φ) = lim
αo→∞
1
2αo
∫ αo
−αo
dα eiαĈ f(v, φ), (2.5)
and thus the physical inner product of two states reads
〈 f |g 〉phy = 〈Ψf |g 〉 = lim
αo→∞
1
2αo
∫ αo
−αo
dα 〈f |eiαĈ |g〉. (2.6)
As is known, in timeless framework the transition amplitude equals to the physical inner product [8, 9], i.e.,
Atls(vf , φf ; vi, φi) = 〈vf , φf |vi, φi〉phy = lim
αo→∞
1
2αo
∫ αo
−αo
dα〈vf , φf |eiαĈ |vi, φi〉 (2.7)
On the other hand, Eq.(2.4) can also be written as
∂2φΨ(v, φ) + Θ̂Ψ(v, φ) = 0. (2.8)
3The similarity between Eq.(2.8) and Klein-Gorden equation suggests that one can regard φ as internal time, with respect to which
gravitational field evolves. In this deparameterized framework, we focus on positive frequency solutions, i.e., those satisfying
−i∂φΨ+(v, φ) =
√̂
ΘΨ+(v, φ) ≡ ĤΨ+(v, φ). (2.9)
The transition amplitude in deparameterized framework is then given by
Adep(vf , φf ; vi, φi) = 〈vf |eiĤ(φf−φi)|vi〉, (2.10)
where |vi〉 and |vf 〉 are eigenstates of volume operator in Hgravkin , and φ is the internal time.
Next we are to deal with transition amplitude under timeless work by starting from (2.7). In order to compute
〈vf , φf |eiαĈ |vi, φi〉, a straightforward way is to split the exponential into N identical pieces and insert complete basis as in
[12]. However, since α is the group-averaging parameter which goes from −∞ to ∞, it is unclear whether α could be treated
as the time variable t in non-relativistic quantum mechanics path integral. We thus consider alternative path integral formulation
by group-averaging. To this end, we notice the following identity,
lim
αo→∞
1
2αo
∫ αo
−αo
dα eiαĈ |v, φ〉
= lim
α′o,αo→∞
1
2α′o
∫ α′o
−α′o
dα′
1
2αo
∫ αo
αo
dα ei(α
′+α)Ĉ |v, φ〉, (2.11)
which could be generalized as
lim
αo→∞
1
2αo
∫ αo
−αo
dα eiαĈ |v, φ〉
= lim
α˜No,...,α˜1o→∞
1
2α˜No
∫ α˜No
−α˜No
dα˜N ...
1
2α˜1o
∫ α˜1o
−α˜1o
dα˜1 e
i(α˜1+...+α˜N)Ĉ |v, φ〉. (2.12)
Let α =
N∑
n=1
α˜n. Then this equation indicates that we did not expect each piece of the exponential eiαĈ to be identical. Rather,
they could be independent of each other. In order to trace the power for expansion, we let α˜n = ǫαn, where ǫ = 1N . Then (2.7)
becomes
Atls(vf , φf ; vi, φi)
= lim
α˜No,...,α˜1o→∞
1
2α˜No
∫ α˜No
−α˜No
d(ǫαN )...
1
2α˜1o
∫ α˜1o
−α˜1o
d(ǫα1)〈vf , φf |e
i
N∑
n=1
ǫαnĈ |vi, φi〉
= lim
αNo,...,α1o→∞
1
2αNo
∫ αNo
−αNo
dαN ...
1
2α1o
∫ α1o
−α1o
dα1〈vf , φf |e
i
N∑
n=1
ǫαnĈ |vi, φi〉, (2.13)
where αno = α˜no/ǫ, n = 1, 2, .., N . Next, we are going to insert a set of complete basis at each knot. Notice that |v, φ〉 is
the eigenstate of both volume operator and scalar operator simultaneously in Hkin, which can be written as |v〉|φ〉 for short of
|v〉 ⊗ |φ〉, and
1kin = 1
grav
kin ⊗ 1mattkin =
∑
v
|v〉〈v|
∫
dφ |φ〉〈φ|. (2.14)
Thus, we have
〈vf , φf |e
i
N∑
n=1
ǫαnĈ |vi, φi〉 =
∑
vN−1,...v1
∫
dφN−1...dφ1
N∏
n=1
〈φn|〈vn|eiǫαnĈ |vn−1〉φn−1〉, (2.15)
where vf = vN , φf = φN , vi = v0, φi = φ0 have been set. Since the constraint operator Ĉ has been separated into gravitational
part and material part, which live in Hgravkin and Hmattkin separately, we could calculate the exponential on each kinematical space
4separately. For the material part, one gets
〈φn|eiǫαn
p̂2
φ
~2 |φn−1〉
=
∫
dpφn〈φn|pφn〉〈pφn |eiǫαn
p̂2
φ
~2 |φn−1〉
=
1
2π~
∫
dpφne
iǫ(
pφn
~
φn−φn−1
ǫ
+αn
p2
φn
~2
). (2.16)
As for the gravitational part, in the limit N →∞(ǫ→ 0), the operator e−iǫαnΘ̂ can be expanded to the first order, and hence we
get
〈vn|e−iǫαnΘ̂|vn−1〉 = δvn,vn−1 − iǫαn〈vn|Θ̂|vn−1〉+O(ǫ2). (2.17)
To simplify the calculation, we now employ the Hamiltonian operator Θ̂ = Θ̂0 in the simplified LQC of k = 0 FRW model [13],
where Θ̂0 is a second order difference operator given by
Θ̂0Ψ(v) = −3πG
4
v[(v + 2)Ψ(v + 4)− 2vΨ(v) + (v − 2)Ψ(v − 4)]. (2.18)
This equation leads to
〈vn|Θ̂0|vn−1〉 = −3πG
4
vn−1
vn + vn−1
2
(δvn,vn−1+4 − 2δvn,vn−1 + δvn,vn−1−4). (2.19)
Applying (2.19) to (2.17) and writing Kronecker delta as integral of bn, which acts as the role of conjugate variable of vn, we
have
〈vn|e−iǫαnΘ̂0 |vn−1〉
=
1
π
∫ π
0
dbn e
−ibn(vn−vn−1)/2(1− iαnǫ3πG
4
vn−1
vn + vn−1
2
4 sin2 bn) +O(ǫ2).
(2.20)
Applying (2.16) and (2.20) to (2.13), and then taking ‘continuum limit’, we obtain
Atls(vf , φf ; vi, φi)
= lim
N→∞
lim
αNo,...,α1o→∞
(
N∏
n=1
1
2αno
)∫ αNo
−αNo
dαN ...
∫ α1o
−α1o
dα1
×
∫ ∞
−∞
dφN−1...dφ1
(
1
2π~
)N ∫ ∞
−∞
dpφN ...dpφ1 e
iǫ(
pφn
~
φn−φn−1
ǫ
+αn
p2
φn
~2
)
×
∑
vN−1,...,v1
1
πN
∫ π
0
dbN ...db1
N∏
n=1
eibn(vn−vn−1)/2e−iαnǫ
3πG
4
vn−1
vn+vn−1
2
4 sin2 bn
= lim
N→∞
lim
αNo,...,α1o→∞
(
N∏
n=1
1
2αno
)∫ αNo
−αNo
dαN ...
∫ α1o
−α1o
dα1
×
∫ ∞
−∞
dφN−1...dφ1
(
1
2π~
)N ∫ ∞
−∞
dpφN ...dpφ1
∑
vN−1,...,v1
1
πN
∫ π
0
dbN ...db1
×
N∏
n=1
exp iǫ
[
pφn
~
φn − φn−1
ǫ
− bn
2
vn − vn−1
ǫ
+ αn
(
p2φn
~2
− 3πG
4
vn−1
vn + vn−1
2
4 sin2 bn
)]
. (2.21)
Finally, we could write the above equation in path integral formulation as
Atls(vf , φf ; vi, φi) = c
∫
Dα
∫
Dφ
∫
Dpφ
∫
Dv
∫
Db exp i
~
∫ 1
0
dτ
[
pφφ˙− ~
2
bv˙ + ~α(
p2φ
~2
− 3πGv2 sin2 b)
]
(2.22)
5where c is certain constant, and a dot over a letter denotes the derivative with respect to τ . The effective Hamiltonian constraint
can be read out from (2.22) as
Ceff =
p2φ
~2
− 3πGv2 sin2 b, (2.23)
which coincides with that in Refs.[12, 16].
On the other hand, for the deparameterized framework, we may still employ above group-averaging viewpoint. To this end,
we define a new constraint operator Ĉ+ = p̂φ~ − Ĥ . Then Eq.(2.9) can be rewritten as
Ĉ+Ψ+(v, φ) = 0. (2.24)
The transition amplitude for this new constraint reads
Adep(vf , φf ; vi, φi) = lim
αo→∞
1
2αo
∫ αo
−αo
dα〈vf , φf |eiαĈ+ |vi, φi〉 = lim
αo→∞
1
2αo
∫ αo
−αo
dα〈vf , φf |2|̂pφ|θ̂(pφ)eiαĈ |vi, φi〉,
(2.25)
where
|̂pφ||pφ〉 = |pφ||pφ〉, θ̂(pφ)|pφ〉 =
{
0 pφ ≤ 0
|pφ〉 pφ > 0.
(2.26)
Similar to the timeless case, the integration over single α can be written as multiple integrations,
Adep(vf , φf ; vi, φi)
= lim
αNo,...,α1o→∞
1
2αNo
∫ αNo
−αNo
dαN ...
1
2α1o
∫ α1o
−α1o
dα1 〈vf , φf |e
i
N∑
n=1
ǫαnĈ+ |vi, φi〉. (2.27)
Since we work in the deparameterized case, it is reasonable to insert in the completeness relation [20, 21]
1 =
∑
v
|v, φ,+〉〈v, φ,+|, (2.28)
where
|v, φ,+〉 = lim
βo→∞
1
2βo
∫ βo
−βo
dβ eiβĈ+ |v, φ〉. (2.29)
Note that the Hilbert space in deparameterized framework is unitarily equivalent to the physical Hilbert space with the basis
(2.29). Then the first piece of the exponential in (2.27) becomes
lim
α1,β1o→∞
1
2α1o
∫ α1o
−α1o
dα1
1
2β1o
∫ β1o
−β1o
dβ1〈v1, φ1|e−iβ1Ĉ+eiǫα1Ĉ+ |v0, φ0〉
= lim
α1→∞
1
2α1o
∫ α1o
−α1o
dα1〈v1, φ1|eiǫα1Ĉ+ |v0, φ0〉, (2.30)
and the last piece of the exponential reads
lim
βNo→∞
1
2αNo
∫ αNo
−αNo
dαN
1
2β′1o
∫ β′No
−β′
No
dβ′N 〈vN , φN |eiǫαN Ĉ+eiβ
′
N Ĉ+ |vN−1, φN−1〉
= lim
αN→∞
1
2αNo
∫ αNo
−αNo
dαN 〈vN , φN |eiǫαN Ĉ+ |vN−1, φN−1〉. (2.31)
The remaining pieces of the exponential can also be expressed as
lim
αno,βno,β′no→∞
1
2αno
∫ αno
−αno
dαn
1
2βno
∫ βno
−βno
dβn
1
2β′no
∫ β′no
−β′no
dβ′n 〈vn, φn|e−iβnĈ+eiǫαnĈ+eiβ
′
nĈ+ |vn−1, φn−1〉
= lim
αn→∞
1
2αno
∫ αno
−αno
dαn〈vn, φn|eiǫαnĈ+ |vn−1, φn−1〉. (2.32)
6So (2.27) becomes
Adep(vf , φf ; vi, φi)
= lim
αNo,...,α1o→∞
1
2αNo
∫ αNo
−αNo
dαN ...
1
2α1o
∫ α1o
−α1o
dα1
∑
vN−1,...,v1
N∏
n=1
〈vn, φn|eiǫαnĈ+ |vn−1, φn−1〉.
= lim
αNo,...,α1o→∞
1
2αNo
∫ αNo
−αNo
dαN ...
1
2α1o
∫ α1o
−α1o
dα1
∑
vN−1,...,v1
N∏
n=1
〈vn, φn|2|̂pφn |θ̂(pφn)eiǫαnĈ |vn−1, φn−1〉, (2.33)
where (2.25) is applied in second step. Now we can split each piece in (2.33) into gravitational and material parts. Calculations
similar to those in timeless framework lead to
Adep(vf , φf ; vi, φi)
= lim
N→∞
lim
αNo,...,α1o→∞
1
2αNo
∫ αNo
−αNo
dαN ...
1
2α1o
∫ α1o
−α1o
dα1
(
1
2π~
)N ∫ ∞
−∞
dpφN ...dpφ1
∑
vN−1,...,v1
1
πN
∫ π
0
dbN ...db1
×
N∏
n=1
2|pφn |θ(pφn) exp iǫ
[
pφn
~
φn − φn−1
ǫ
− bn
2
vn − vn−1
ǫ
+ αn
(
p2φn
~2
− 3πG
4
vn−1
vn + vn−1
2
4 sin2 bn
)]
. (2.34)
We can integrate out αn and pφn and arrive at
Adep(vf , φf ; vi, φi)
= lim
N→∞
lim
αNo,...,α1o→∞
(
N∏
n=1
1
2αno
)
ǫ−N
(
1
2π~
)N
~N
∑
vN−1,...,v1
1
πN
∫ π
0
dbN ...db1
×
N∏
n=1
exp iǫ(φf − φi)
[√
3πG
4
vn−1
vn + vn−1
2
4 sin2 bn − bn
2
vn − vn−1
ǫ(φf − φi)
]
=c′
∫
Dv
∫
Db exp i
~
∫
dφ(
√
3πG~v sin b− ~v˙b
2
), (2.35)
where v˙ = dvdφ . The effective Hamiltonian in deparameterized framework can be read out from (2.35) as Heff =
√
3πG~v sin b,
which is just the deparameterized Hamiltonian of (2.23).
Let us summarize what we have done to construct the path integral formulation of k=0 LQC. First, the transition amplitude
is expressed in terms of multiple group averaging. Secondly, we insert in complete basis and calculate each exponential to
the second order. Thirdly, by taking ‘continuum limit’, the path integral formulation under timeless framework is derived.
This technique could also be applied to the path integral calculation of other constrained systems. Finally, by reexpressing the
deparameterized equation in the form of constraint, the path integral of deparameterized framework is also formulated in this
approach. Hence we have got path integral formulation of timeless framework as well as deparameterized framework. The
relation of these two kinds of path integral formulation is revealed by (2.25). They are in accordance with each other in the sense
of effective theory.
III. PATH INTEGRAL FORMULATION OF k = 1 LQC
The spatial manifold M of k = 1 FRW model is topologically a 3-sphere S3. Unlike k = 0 model, we do not have to
introduce a fiducial cell in it. Rather, the volume Vo of M with reference to a fiducial metric oqab is finite. We shall set
ℓo := V
1/3
o . The gravitational connections and the density weighted triads can still be expressed as Aia = c V
−(1/3)
o
oωia
and Eai = p V
−(2/3)
o
√
oq oeai . The fundamental Poisson bracket remains {c, p} = 8πGγ/3, and we introduce the same new
conjugate variables as in (2.2). However, the gravitational part of the Hamiltonian constraint of k = 1 model is different from
that in k = 0 model due to non-vanishing spatial curvature. In quantum theory, we have the same Hilbert space Hkin =
Hgravkin ⊗ Hmattkin . The gravitational Hamiltonian constraint operator Θ̂1 can be written as a combination of diagonal and off-
diagonal part, whose action reads [22]
Θ̂1Ψ(v) = e
−iℓ0f Θ̂0e
iℓ0fΨ(v) + Θ˜1Ψ(v), (3.1)
7where
f =
sgn v
4
| v
K
| 23 = f(v), K = 4
3
√
πγℓ2p
3∆
,
Θ˜1 = 3πGv
2[− sin2( µ¯ℓ0
2
) + (1 + γ2)(
µ¯ℓ0
2
)2] ≡ Θ˜1(v), (3.2)
and Θ̂0 ≡ Θ̂ is the Hamiltonian operator in k = 0 model. The definition of K is in accordance with [17]. For simplicity,
we still employ the simplified treatment and use Eq.(2.18). To calculate the transition amplitude between two basis vectors
in the timeless framework as (2.7), we also need to calculate Eq.(2.17) with Θ̂ replaced by Θ̂1. Note that the diagonal part
〈vn|Θ˜1|vn−1〉 is easy to deal with by writing delta function as an integration over b. We are going to evaluate the nontrivial
off-diagonal part,
〈vn|e−iℓ0f Θ̂0eiℓ0f |vn−1〉
= −3πG
4
vn−1
vn + vn−1
2
(
e−iℓ0[f(vn−1+4)−f(vn−1)]δvn,vn−1+4 − 2δvn,vn−1 + e−iℓ0[f(vn−1−4)−f(vn−1)]δvn,vn−1−4
)
. (3.3)
We assume v > 4 and do Taylor expansion as
f(v + 4)− f(v) = v
2/3
4K
(
2
3
4
v
+
1
2!
2
3
(−1
3
)(
4
v
)2 +
1
3!
2
3
(−1
3
)(−4
3
)(
4
v
)3 + ...
)
≡ g(v) + h(v),
f(v − 4)− f(v) = v
2/3
4K
(
−2
3
4
v
+
1
2!
2
3
(−1
3
)(
4
v
)2 − 1
3!
2
3
(−1
3
)(−4
3
)(
4
v
)3 + ...
)
≡ −g(v) + h(v), (3.4)
where h(v) denotes sum of the odd terms and g(v) that of the evens. Thus, Eq.(3.3) turns out to be
〈vn|e−iℓ0f Θ̂0eiℓ0f |vn−1〉
=
3πG
4
vn−1
vn + vn−1
2
1
π
∫ π
0
dbn e
−ibn(vn−vn−1)/2
[
e−iℓ0h(vn−1)2 cos(2bn − g(vn−1)ℓ0)− 2
]
. (3.5)
If we denote Λn = e−iℓ0h(vn−1)2 cos(2bn − g(vn−1)ℓ0)− 2, the matrix element of Θ̂1 can be calculated as
〈vn|Θ̂1|vn−1〉
=
1
π
∫ π
0
dbn e
−ibn(vn−vn−1)/2
(
Θ˜1(vn−1) +
3πG
4
vn−1
vn + vn−1
2
Λn
)
. (3.6)
Therefore we have
〈vn|e−iǫαΘ̂1 |vn−1〉
=
1
π
∫ π
0
dbn e
−ibn(vn−vn−1)/2
[
1− iαǫ
(
Θ˜1(vn−1) +
3πG
4
vn−1
vn + vn−1
2
Λn
)]
+O(ǫ2). (3.7)
Replacing (2.20) with (3.7) and following the procedure as in k = 0 model, finally we arrive at the path integral formulation of
k = 1 FRW model under timeless framework as
Atls(vf , φf ; vi, φi)
k=1
=c1
∫
Dα
∫
Dφ
∫
Dpφ
∫
Dv
∫
Db exp i
~
∫ 1
0
dτ
[
pφφ˙− ~v˙b
2
+ ~α
(
p2φ
~
− Θ˜1(v) − 3πG
4
v2Λ(v, b)
)]
. (3.8)
However, since Λ(v, b) is a complex function, (3.8) would imply a complex effective action or Hamiltonian. To avoid this
problem, we notice that in semiclassical regime, the higher power terms in (3.4) decrease dramatically as v increases, and hence
only the first term, denoted by g1, dominates. For example, when v = 100, f(v+4)−f(v)−g1(v)f(v+4)−f(v) < 1%. As a matter of fact, in the
simplified LQC treatment a similar approximation has already been used. In this sense, we could reserve only g1 term and get
Λ(v, b) = 2 [cos(2b− g1(v)ℓ0)− 1] = 4 sin2(b− µ¯(v)ℓ0/2). (3.9)
8Consequently, the transition amplitude turns out to be
Atls(vf , φf ; vi, φi)
k=1
=c1
∫
Dα
∫
Dφ
∫
Dpφ
∫
Dv
∫
Db exp i
~
∫ 1
0
dτ
[
pφφ˙− ~v˙b
2
+ ~α
(
p2φ
~
− Θ˜1(v) − 3πG v2 sin2(b− µ¯(v)ℓ0
2
)
)]
(3.10)
where a dot over a letter denotes the derivative with respect to τ . From this formulation we could read out the effective Hamil-
tonian constraint of timeless framework as
C tlseff =
p2φ
~
− Θ˜1(v)− 3πG v2 sin2(b − µ¯(v)ℓ0
2
). (3.11)
Note that in [22] an effective Hamiltonian constraint under timeless framework was also given by canonical theory as
Heff := Ceff
16πG
=
A(v)
16πG
[
sin2 µ¯(c− ℓ0
2
)− sin2( µ¯ℓ0
2
) + (1 + γ2)
µ¯2ℓ20
4
]
+ (
8πγℓ2pl
6
)−
3
2B(v)
p2φ
2
, (3.12)
where
A(v) = −27K
4
√
8π
6
ℓp
γ3/2
|v| ||v − 1| − |v + 1|| ,
B(v) =
(
3
2
)3
K|v|
∣∣∣|v + 1|1/3 − |v − 1|1/3∣∣∣3 . (3.13)
In large v regime, we have
A(v) = −27K
4
√
8π
6
ℓp
γ3/2
2v,
B(v) =
K
v
. (3.14)
Then the effective Hamiltonian constraint (3.12) can be simplified as
Heff =
p2φ
~2
− {Θ˜1(v) + 3πG v2 sin2[b− µ¯(v) ℓ02 ]}
2 vK~2 (
8πγℓ2
pl
6 )
3
2
. (3.15)
Note that (3.15) is slightly different from (3.11) by a factor 12 K~
2
v (
8πγℓ2pl
6 )
− 3
2 , which will not affect effective equations of motion.
The appearance of this factor is due to the difference of Eq.(2.3) from Eq.(2.4).
Taking into account of Heff = 0, the effective canonical equations can be derived from (3.15) as
dv
dτ
= {v,Heff} =
3πGv2 sin 2[b− µ¯(v) ℓ02 ]
v
K~2 (
8πγℓ2
pl
6 )
3
2
, (3.16a)
db
dτ
= {b,Heff} = −
Θ˜′1(v) + 6πG v sin
2[b− µ¯(v) ℓ02 ]− 3πGv2 sin 2[b− µ¯(v) ℓ02 ]µ¯′(v)
v
K~2 (
8πγℓ2
pl
6 )
3
2
, (3.16b)
dφ
dτ
= {φ,Heff} = 2pφ
2 vK~2 (
8πγℓ2
pl
6 )
3
2
=
√
Θ˜1(v) + 3πG v2 sin
2[b− µ¯(v) ℓ02 ]
v
K~2 (
8πγℓ2
pl
6 )
3
2
, (3.16c)
where a prime on a letter denotes the derivative with respect to the argument. Note that in order to compare the effective
equations with those in deparameterized framework, we focused on ‘positive frequency’ as Eq.(2.9) and thus chose the plus sign
in front of the square-root in Eq.(3.16c). This means that the internal time φ is monotonically increasing with τ .
Following the same procedure in k = 0 model, we also obtain the path integral formulation of k = 1 model under deparame-
terized framework as
Adep(vf , φf ; vi, φi)
k=1
=c′1
∫
Dv
∫
Db exp i
~
∫
dφ(
√
Θ˜1(v) + 3πG v2 sin
2[b− µ¯(v)ℓ0
2
]~− ~v˙b
2
). (3.17)
9This enable us to read out an effective action as
S[b, v] =
∫
dφ(
√
Θ˜1(v) + 3πG v2 sin
2[b− µ¯(v)ℓ0
2
]~− ~v˙b
2
), (3.18)
and thus the effective Hamiltonian under deparameterized framework,
Hdepeff = −
√
Θ˜1(v) + 3πG v2 sin
2[b− µ¯(v)ℓ0
2
]~. (3.19)
Hence the effective equations of this model can be derived by following Poisson brackets
dv
dφ
= {v,Hdepeff } =
3πGv2 sin 2[b− µ¯(v) ℓ02 ]√
Θ˜1(v) + 3πG v2 sin
2[b− µ¯(v) ℓ02 ]
, (3.20a)
db
dφ
= {b,Hdepeff } = −
Θ˜′1(v) + 6πG v sin
2[b− µ¯(v) ℓ02 ]− 3πGv2 sin 2[b− µ¯(v) ℓ02 ]µ¯′(v)√
Θ˜1(v) + 3πG v2 sin
2[b − µ¯(v) ℓ02 ]
, (3.20b)
It is easy to see that the effective equations (3.20) can be derived from equations (3.16) by dvdφ = dv/dτdφ/dτ and dbdφ = db/dτdφ/dτ .
Therefore, the effective action in (3.18) predicts the same equations of motion for the k = 1 FRW universe as those in [22]. The
quantum bounce driven by the quantum gravity effect would lead to a cyclic universe for this model. Moreover, the comparison
between the path integrals in the deparameterized framework and timeless framework implies their equivalence in the sense of
effective theory.
IV. PATH INTEGRAL FORMULATION OF k = −1 LQC
In k = −1 FRW model, the spatial manifold is noncompact just as that of k = 0 model. So we should still choose a fiducial
cell V in the spatial manifold and restrict all integrations on it. The gravitational phase space variables (Aia, Eai ) and reduced
new conjugate variables (v, b) are defined in the same ways as k = 0 model. In k = −1 LQC [23], by the simplified treatment
the off diagonal part of the gravitational constraint operator Θ̂−1 is exactly the Hamiltonian operator in k = 0 model, while the
k = −1 model contributes only diagonal part, i.e.
Θ̂−1 = Θ̂0 + Θ˜−1, (4.1)
where
Θ˜−1 = −B(v)−1 8πGγ
2V
2/3
0
12K1/3
|v|1/3||v + 1| − |v − 1||. (4.2)
In large v regime, we have
Θ˜−1(v) = −3πGv2γ2V
2
3
0 µ¯
2. (4.3)
In the simplified treatment, we can still apply the Θ̂0 in (2.18) to (4.1). Thus, by Eq.(2.19), we can easily write down the matrix
element of Θ̂−1 as
〈vn|Θ̂−1|vn−1〉
=
1
π
∫ π
0
dbn e
−ibn(vn−vn−1)/2[Θ˜−1(vn−1) + 3πG vn−1
vn + vn−1
2
sin2 µ¯c]. (4.4)
Hence, through the approach outlined in Section 2, we can also obtain the path integral formulation of timeless framework as
Atls(vf , φf ; vi, φi)
k=−1
=c−1
∫
Dα
∫
Dφ
∫
Dpφ
∫
Dv
∫
Db exp i
~
∫ 1
0
dτ
[
pφφ˙− ~v˙b
2
+ ~α
(
p2φ
~
− 3πGv2
(
sin2 b− γ2V
2
3
0 µ¯
2
))]
(4.5)
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where a dot over a letter denotes the derivative with respect to τ . The effective Hamiltonian constraint for k = −1 FRW model
is then derived as
Htlseff =
p2φ
~
− 3πGv2
(
sin2 b− γ2V
2
3
0 µ¯
2
)
. (4.6)
Also, Eq.(4.6) is in accordance with the Hamiltonian constraint given in [23], which reads
Heff = − 3
√
|p|
8πGγ2µ¯2
sin2(µ¯c) +
3
√
|p|V 2/30
8πG
+ |p|3/2ρM
=
p2φ
~
− 3πGv2
(
sin2 b − γ2V
2
3
0 µ¯
2
)
2 vK~2 (
8πγℓ2
pl
6 )
3
2
. (4.7)
On the other hand, we also use (4.4) to obtain the path integral formulation of k = −1 model under deparameterized frame-
work as
Adep(vf , φf ; vi, φi)
k=−1
=c′−1
∫
Dv
∫
Db exp i
~
∫
dφ(
√
3πGv2
(
sin2 b− γ2V
2
3
0 µ¯
2
)
~− ~v˙b
2
). (4.8)
The effective Hamiltonian in the deparameterized framework for k = −1 FRW model can be derived as
Hdepeff = −
√
3πGv2
(
sin2 b− γ2V 230 µ¯2
)
~. (4.9)
Though Poisson bracket we obtain the following effective equations
v˙ = {v,Hdepeff } =
3πGv2 sin 2b√
3πGv2
(
sin2 b − γ2V
2
3
0 µ¯
2
) , (4.10a)
b˙ = {b,Hdepeff } = −
6πGv sin2 b− 6× 31/3πGγ2V
2
3
0 v
1
3√
3πGv2
(
sin2 b− γ2V
2
3
0 µ¯
2
) . (4.10b)
It is easy to check that equations (4.10) are equivalent to the effective equations derived by the Hamiltonian (4.6) or (4.7), and
the classical big bang singularity is also replaced by a quantum bounce in k = −1 LQC.
In conclusion, a multiple group-averaging approach is proposed to derive the path integral formulation for all FRW models of
k = 0,+1,−1. In all these models, one can express the transition amplitude in the deparameterized framework in terms of group
averaging. The relation between the path integral formulation in timeless framework and that in deparameterized framework is
then clarified. The effective Hamiltonian in deparameterized framework and the effective Hamiltonian constraint in timeless
framework can respectively be derived by the path integrals. They lead to same equations of motion and hence coincide with
each other. The effective Hamiltonian constraints given by the canonical theories of the three models are also confirmed by the
path integral formulation. Hence the canonical and path integral formulations of LQC coincide.
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Path Integral and Effective Hamiltonian in Loop Quantum Cosmology
Haiyun Huang,∗ Yongge Ma†,‡ and Li Qin§
Department of Physics, Beijing Normal University, Beijing 100875, China
We study the path integral formulation of Friedmann universe filled with a massless scalar field in loop
quantum cosmology. All the isotropic models of k = 0,+1,−1 are considered. To construct the path integrals
in the timeless framework, a multiple group-averaging approach is proposed. Meanwhile, since the transition
amplitude in the deparameterized framework can be expressed in terms of group-averaging, the path integrals
can be formulated for both deparameterized and timeless frameworks. Their relation is clarified. It turns out
that the effective Hamiltonian derived from the path integral in deparameterized framework is equivalent to the
effective Hamiltonian constraint derived from the path integral in timeless framework, since they lead to same
equations of motion. Moreover, the effective Hamiltonian constraints of above models derived in canonical
theory are confirmed by the path integral formulation.
PACS numbers: 04.60.Kz, 04.60.Pp, 98.80.Qc
I. INTRODUCTION
A core concept of general relativity is that physical theory should be background independent, which indicates that the gravity
and matter evolve as a whole entity without anything pre-existed. This idea is being carried out in loop quantum gravity
(LQG)[1–4], which is a non-perturbative and background independent quantization of general relativity. The construction of
LQG inspired the research on spin foam models (SFMs) [5], which are proposed as the path-integral formulation for LQG.
In SFMs, the transition amplitude between physical quantum states is formulated as a sum over histories of all physically
appropriate states. The heuristic picture is the following. One considers a 4-dimensional spacetime region M bounded by two
spacelike 3-surfaces, which would correspond to the initial and final states for the path integral. The feature of SFMs is to
employ the spin network states in LQG to represent the initial and final states. A certain path between the two boundaries is a
quantum 4-geometry interpolated between the two spin networks. The interpolated spin foams can be constructed by considering
the dual triangulation of M and coloring its surfaces with half integers and edges with suitable intertwiners. In order to obtain
the physical inner product between the two boundary states, we have to sum over all possible triangulations and colorings [1].
This is certainly difficult to be achieved.
On the other hand, the idea and technique of LQG is successfully carried out in the symmetry-reduced models, known as
Loop Quantum Cosmology (LQC) [6]. Since the infinite degrees of freedom of gravity have been reduced to finite ones by
homogeneity (and isotropy), LQC provides a simple arena to test the ideas and constructions of the full LQG. Therefore, it
is also desirable to test the idea and construction of SFMs by LQC models [7]. It was shown in Refs.[8, 9] that the transition
amplitude in the deparameterized LQC of k = 0 Friedmann universe equals the physical inner product in the timeless framework,
and concrete evidence has been provided in support of the general paradigm underlying SFMs through the lens of LQC. How
to achieve local spinfoam expansion in LQC was also studied in Refs. [10, 11]. Recently, the effective Hamiltonian constraint
of k = 0 LQC was derived from the path integral formulation in timeless framework in Ref.[12], and the effective measure
introduces some conceptual subtleties in arriving at the WKB approximation. The purpose of this paper is to study the path
integral formulation of LQC mimicking the construction of SFMs and following [7–9, 11, 12]. The new ingredient in this work
is to formulate the path integrals by multiple group-averaging rather than to divide a single group-averaging. Besides the k = 0
Friedmann-Rorberston-Walker (FRW) model, the k = ±1 models will also be considered. It turns out that the physical inner
product between boundary states, defined by group-averaging approach, can be interpreted as sum over all possible quantum
states. The relation between the path integral formalism in timeless framework and that in deparameterized framework can
be revealed by the group-averaging. Moreover, we will be able to derive the effective action and thus Hamiltonian of the
above LQC models by the path integral formalism in timeless framework as well as deparameterized framework. The effective
Hamiltonian coincide with those obtained by canonical approach. Hence the path integral and canonical formulations of LQC
confirm each other. The effective Hamiltonian constraints of above models in canonical theory are also confirmed by the path
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2integral formulation. Starting from the canonical LQC, we will derive the path integral formulation and the effective Hamiltonian
of k = 0,+1,−1 FRW models respectively in the following Sections 2, 3, and 4. To simplify the calculations, we will employ
the simplified LQC treatments [13]. Note that, although the path integrals of k = 0 FRW LQC have been studied in both
deparameterized and timeless frameworks, we propose a new formulation by the multiple group-averaging approach.
II. PATH INTEGRAL FORMULATION OF k = 0 LQC
The model that we are considering is the spatially flat (k = 0) FRW universe filled with a massless scalar field. In the
kinematical setting, one has to introduce an elementary cell V in the spatial manifold and restricts all integrations to this cell.
Fix a fiducial flat metric oqab and denote by Vo the volume of V in this geometry. The gravitational phase space variables —the
connections and the density weighted triads — can be expressed as Aia = c V
−(1/3)
o
oωia and Eai = p V
−(2/3)
o
√
oq oeai , where
(oωia,
oeai ) are a set of orthonormal co-triads and triads compatible with oqab and adapted to V . p is related to the scale factor a
via |p| = V 2/3o a2. The fundamental Poisson bracket is given by: {c, p} = 8πGγ/3, where G is the Newton’s constant and γ
the Barbero-Immirzi parameter. The gravitational part of the Hamiltonian constraint reads Cgrav = −6c2
√
|p|/γ2. To apply the
area gap ∆ of full LQG to LQC [14], it is convenient to introduce variable µ¯ satisfying
µ¯2 |p| = ∆ ≡ (4
√
3πγ)ℓ2p, (2.1)
where ℓ2p = G~, and new conjugate variables [13, 15–17]:
v := 2
√
3 µ¯−3, b := µ¯c. (2.2)
The new canonical pair satisfies {b, v} = 2
~
. On the other hand, the matter phase space consists of canonical variables φ and
pφ which satisfy {φ, pφ} = 1. To mimic LQG, the polymer-like representation is employed to quantize the gravity sector. The
kinematical Hilbert space for gravity then reads Hgravkin = L2(RBohr, dµH), where RBohr is the Bhor compactification of the
real line and dµH is the Haar measure on it [18]. It turns out that the eigenstates of volume operator v̂, which are labeled by
real number v, constitute an orthonomal basis in Hgravkin as 〈v1|v2〉 = δv1,v2 . For the scalar matter sector, one just uses the
standard Schrodinger representation for its quantization, where the kinematical Hilbert space is Hmattkin = L2(R, dφ). The total
kinematical Hilbert Space of the system is a tensor product, Hkin = Hgravkin ⊗ Hmattkin , of the above two Hilbert spaces. As a
totally constrained system, the dynamics of this model is reflected in the Hamiltonian constraint Cgrav + Cmatt = 0. Quantum
mechanically, physical states are those satisfying quantum constraint equation
(Ĉgrav + Ĉmatt)Ψ(v, φ) = 0. (2.3)
It is not difficult to write the above equation as [19]
ĈΨ(v, φ) ≡ ( p̂
2
φ
~2
− Θ̂)Ψ(v, φ) = 0. (2.4)
On one hand, Eq.(2.4) indicates that we can get physical states by group averaging kinematical states as [10]
Ψf(v, φ) = lim
αo→∞
1
2αo
∫ αo
−αo
dα eiαĈ f(v, φ), (2.5)
and thus the physical inner product of two states reads
〈 f |g 〉phy = 〈Ψf |g 〉 = lim
αo→∞
1
2αo
∫ αo
−αo
dα 〈f |eiαĈ |g〉. (2.6)
As is known, in timeless framework the transition amplitude equals to the physical inner product [8, 9], i.e.,
Atls(vf , φf ; vi, φi) = 〈vf , φf |vi, φi〉phy = lim
αo→∞
1
2αo
∫ αo
−αo
dα〈vf , φf |eiαĈ |vi, φi〉 (2.7)
On the other hand, Eq.(2.4) can also be written as
∂2φΨ(v, φ) + Θ̂Ψ(v, φ) = 0. (2.8)
3The similarity between Eq.(2.8) and Klein-Gorden equation suggests that one can regard φ as internal time, with respect to which
gravitational field evolves. In this deparameterized framework, we focus on positive frequency solutions, i.e., those satisfying
−i∂φΨ+(v, φ) =
√̂
ΘΨ+(v, φ) ≡ ĤΨ+(v, φ). (2.9)
The transition amplitude in deparameterized framework is then given by
Adep(vf , φf ; vi, φi) = 〈vf |eiĤ(φf−φi)|vi〉, (2.10)
where |vi〉 and |vf 〉 are eigenstates of volume operator in Hgravkin , and φ is the internal time.
Next we are to deal with transition amplitude under timeless work by starting from (2.7). In order to compute
〈vf , φf |eiαĈ |vi, φi〉, a straightforward way is to split the exponential into N identical pieces and insert complete basis as in
[12]. However, since α is the group-averaging parameter which goes from −∞ to ∞, it is unclear whether α could be treated
as the time variable t in non-relativistic quantum mechanics path integral. We thus consider alternative path integral formulation
by group-averaging. To this end, we notice the following identity,
lim
αo→∞
1
2αo
∫ αo
−αo
dα eiαĈ |v, φ〉
= lim
α′o,αo→∞
1
2α′o
∫ α′o
−α′o
dα′
1
2αo
∫ αo
αo
dα ei(α
′+α)Ĉ |v, φ〉, (2.11)
which could be generalized as
lim
αo→∞
1
2αo
∫ αo
−αo
dα eiαĈ |v, φ〉
= lim
α˜No,...,α˜1o→∞
1
2α˜No
∫ α˜No
−α˜No
dα˜N ...
1
2α˜1o
∫ α˜1o
−α˜1o
dα˜1 e
i(α˜1+...+α˜N)Ĉ |v, φ〉. (2.12)
Let α =
N∑
n=1
α˜n. Then this equation indicates that we did not expect each piece of the exponential eiαĈ to be identical. Rather,
they could be independent of each other. In order to trace the power for expansion, we let α˜n = ǫαn, where ǫ = 1N . Then (2.7)
becomes
Atls(vf , φf ; vi, φi)
= lim
α˜No,...,α˜1o→∞
1
2α˜No
∫ α˜No
−α˜No
d(ǫαN )...
1
2α˜1o
∫ α˜1o
−α˜1o
d(ǫα1)〈vf , φf |e
i
N∑
n=1
ǫαnĈ |vi, φi〉
= lim
αNo,...,α1o→∞
1
2αNo
∫ αNo
−αNo
dαN ...
1
2α1o
∫ α1o
−α1o
dα1〈vf , φf |e
i
N∑
n=1
ǫαnĈ |vi, φi〉, (2.13)
where αno = α˜no/ǫ, n = 1, 2, .., N . Next, we are going to insert a set of complete basis at each knot. Notice that |v, φ〉 is
the eigenstate of both volume operator and scalar operator simultaneously in Hkin, which can be written as |v〉|φ〉 for short of
|v〉 ⊗ |φ〉, and
1kin = 1
grav
kin ⊗ 1mattkin =
∑
v
|v〉〈v|
∫
dφ |φ〉〈φ|. (2.14)
Thus, we have
〈vf , φf |e
i
N∑
n=1
ǫαnĈ |vi, φi〉 =
∑
vN−1,...v1
∫
dφN−1...dφ1
N∏
n=1
〈φn|〈vn|eiǫαnĈ |vn−1〉φn−1〉, (2.15)
where vf = vN , φf = φN , vi = v0, φi = φ0 have been set. Since the constraint operator Ĉ has been separated into gravitational
part and material part, which live in Hgravkin and Hmattkin separately, we could calculate the exponential on each kinematical space
4separately. For the material part, one gets
〈φn|eiǫαn
p̂2
φ
~2 |φn−1〉
=
∫
dpφn〈φn|pφn〉〈pφn |eiǫαn
p̂2
φ
~2 |φn−1〉
=
1
2π~
∫
dpφne
iǫ(
pφn
~
φn−φn−1
ǫ
+αn
p2
φn
~2
). (2.16)
As for the gravitational part, in the limit N →∞(ǫ→ 0), the operator e−iǫαnΘ̂ can be expanded to the first order, and hence we
get
〈vn|e−iǫαnΘ̂|vn−1〉 = δvn,vn−1 − iǫαn〈vn|Θ̂|vn−1〉+O(ǫ2). (2.17)
To simplify the calculation, we now employ the Hamiltonian operator Θ̂ = Θ̂0 in the simplified LQC of k = 0 FRW model [13],
where Θ̂0 is a second order difference operator given by
Θ̂0Ψ(v) = −3πG
4
v[(v + 2)Ψ(v + 4)− 2vΨ(v) + (v − 2)Ψ(v − 4)]. (2.18)
This equation leads to
〈vn|Θ̂0|vn−1〉 = −3πG
4
vn−1
vn + vn−1
2
(δvn,vn−1+4 − 2δvn,vn−1 + δvn,vn−1−4). (2.19)
Applying (2.19) to (2.17) and writing Kronecker delta as integral of bn, which acts as the role of conjugate variable of vn, we
have
〈vn|e−iǫαnΘ̂0 |vn−1〉
=
1
π
∫ π
0
dbn e
−ibn(vn−vn−1)/2(1− iαnǫ3πG
4
vn−1
vn + vn−1
2
4 sin2 bn) +O(ǫ2).
(2.20)
Applying (2.16) and (2.20) to (2.13), and then taking ‘continuum limit’, we obtain
Atls(vf , φf ; vi, φi)
= lim
N→∞
lim
αNo,...,α1o→∞
(
N∏
n=1
1
2αno
)∫ αNo
−αNo
dαN ...
∫ α1o
−α1o
dα1
×
∫ ∞
−∞
dφN−1...dφ1
(
1
2π~
)N ∫ ∞
−∞
dpφN ...dpφ1 e
iǫ(
pφn
~
φn−φn−1
ǫ
+αn
p2
φn
~2
)
×
∑
vN−1,...,v1
1
πN
∫ π
0
dbN ...db1
N∏
n=1
eibn(vn−vn−1)/2e−iαnǫ
3πG
4
vn−1
vn+vn−1
2
4 sin2 bn
= lim
N→∞
lim
αNo,...,α1o→∞
(
N∏
n=1
1
2αno
)∫ αNo
−αNo
dαN ...
∫ α1o
−α1o
dα1
×
∫ ∞
−∞
dφN−1...dφ1
(
1
2π~
)N ∫ ∞
−∞
dpφN ...dpφ1
∑
vN−1,...,v1
1
πN
∫ π
0
dbN ...db1
×
N∏
n=1
exp iǫ
[
pφn
~
φn − φn−1
ǫ
− bn
2
vn − vn−1
ǫ
+ αn
(
p2φn
~2
− 3πG
4
vn−1
vn + vn−1
2
4 sin2 bn
)]
. (2.21)
Finally, we could write the above equation in path integral formulation as
Atls(vf , φf ; vi, φi) = c
∫
Dα
∫
Dφ
∫
Dpφ
∫
Dv
∫
Db exp i
~
∫ 1
0
dτ
[
pφφ˙− ~
2
bv˙ + ~α(
p2φ
~2
− 3πGv2 sin2 b)
]
(2.22)
5where c is certain constant, and a dot over a letter denotes the derivative with respect to τ . The effective Hamiltonian constraint
can be read out from (2.22) as
Ceff =
p2φ
~2
− 3πGv2 sin2 b, (2.23)
which coincides with that in Refs.[12, 16].
On the other hand, for the deparameterized framework, we may still employ above group-averaging viewpoint. To this end,
we define a new constraint operator Ĉ+ = p̂φ~ − Ĥ . Then Eq.(2.9) can be rewritten as
Ĉ+Ψ+(v, φ) = 0. (2.24)
The transition amplitude for this new constraint reads
Adep(vf , φf ; vi, φi) = lim
αo→∞
1
2αo
∫ αo
−αo
dα〈vf , φf |eiαĈ+ |vi, φi〉 = lim
αo→∞
1
2αo
∫ αo
−αo
dα〈vf , φf |2|̂pφ|θ̂(pφ)eiαĈ |vi, φi〉,
(2.25)
where
|̂pφ||pφ〉 = |pφ||pφ〉, θ̂(pφ)|pφ〉 =
{
0 pφ ≤ 0
|pφ〉 pφ > 0.
(2.26)
Similar to the timeless case, the integration over single α can be written as multiple integrations,
Adep(vf , φf ; vi, φi)
= lim
αNo,...,α1o→∞
1
2αNo
∫ αNo
−αNo
dαN ...
1
2α1o
∫ α1o
−α1o
dα1 〈vf , φf |e
i
N∑
n=1
ǫαnĈ+ |vi, φi〉. (2.27)
Since we work in the deparameterized case, it is reasonable to insert in the completeness relation [20, 21]
1 =
∑
v
|v, φ,+〉〈v, φ,+|, (2.28)
where
|v, φ,+〉 = lim
βo→∞
1
2βo
∫ βo
−βo
dβ eiβĈ+ |v, φ〉. (2.29)
Note that the Hilbert space in deparameterized framework is unitarily equivalent to the physical Hilbert space with the basis
(2.29). Then the first piece of the exponential in (2.27) becomes
lim
α1,β1o→∞
1
2α1o
∫ α1o
−α1o
dα1
1
2β1o
∫ β1o
−β1o
dβ1〈v1, φ1|e−iβ1Ĉ+eiǫα1Ĉ+ |v0, φ0〉
= lim
α1→∞
1
2α1o
∫ α1o
−α1o
dα1〈v1, φ1|eiǫα1Ĉ+ |v0, φ0〉, (2.30)
and the last piece of the exponential reads
lim
βNo→∞
1
2αNo
∫ αNo
−αNo
dαN
1
2β′1o
∫ β′No
−β′
No
dβ′N 〈vN , φN |eiǫαN Ĉ+eiβ
′
N Ĉ+ |vN−1, φN−1〉
= lim
αN→∞
1
2αNo
∫ αNo
−αNo
dαN 〈vN , φN |eiǫαN Ĉ+ |vN−1, φN−1〉. (2.31)
The remaining pieces of the exponential can also be expressed as
lim
αno,βno,β′no→∞
1
2αno
∫ αno
−αno
dαn
1
2βno
∫ βno
−βno
dβn
1
2β′no
∫ β′no
−β′no
dβ′n 〈vn, φn|e−iβnĈ+eiǫαnĈ+eiβ
′
nĈ+ |vn−1, φn−1〉
= lim
αn→∞
1
2αno
∫ αno
−αno
dαn〈vn, φn|eiǫαnĈ+ |vn−1, φn−1〉. (2.32)
6So (2.27) becomes
Adep(vf , φf ; vi, φi)
= lim
αNo,...,α1o→∞
1
2αNo
∫ αNo
−αNo
dαN ...
1
2α1o
∫ α1o
−α1o
dα1
∑
vN−1,...,v1
N∏
n=1
〈vn, φn|eiǫαnĈ+ |vn−1, φn−1〉.
= lim
αNo,...,α1o→∞
1
2αNo
∫ αNo
−αNo
dαN ...
1
2α1o
∫ α1o
−α1o
dα1
∑
vN−1,...,v1
N∏
n=1
〈vn, φn|2|̂pφn |θ̂(pφn)eiǫαnĈ |vn−1, φn−1〉, (2.33)
where (2.25) is applied in second step. Now we can split each piece in (2.33) into gravitational and material parts. Calculations
similar to those in timeless framework lead to
Adep(vf , φf ; vi, φi)
= lim
N→∞
lim
αNo,...,α1o→∞
1
2αNo
∫ αNo
−αNo
dαN ...
1
2α1o
∫ α1o
−α1o
dα1
(
1
2π~
)N ∫ ∞
−∞
dpφN ...dpφ1
∑
vN−1,...,v1
1
πN
∫ π
0
dbN ...db1
×
N∏
n=1
2|pφn |θ(pφn) exp iǫ
[
pφn
~
φn − φn−1
ǫ
− bn
2
vn − vn−1
ǫ
+ αn
(
p2φn
~2
− 3πG
4
vn−1
vn + vn−1
2
4 sin2 bn
)]
. (2.34)
We can integrate out αn and pφn and arrive at
Adep(vf , φf ; vi, φi)
= lim
N→∞
lim
αNo,...,α1o→∞
(
N∏
n=1
1
2αno
)
ǫ−N
(
1
2π~
)N
~N
∑
vN−1,...,v1
1
πN
∫ π
0
dbN ...db1
×
N∏
n=1
exp iǫ(φf − φi)
[√
3πG
4
vn−1
vn + vn−1
2
4 sin2 bn − bn
2
vn − vn−1
ǫ(φf − φi)
]
=c′
∫
Dv
∫
Db exp i
~
∫
dφ(
√
3πG~v sin b− ~v˙b
2
), (2.35)
where v˙ = dvdφ . The effective Hamiltonian in deparameterized framework can be read out from (2.35) as Heff =
√
3πG~v sin b,
which is just the deparameterized Hamiltonian of (2.23).
Let us summarize what we have done to construct the path integral formulation of k=0 LQC. First, the transition amplitude
is expressed in terms of multiple group averaging. Secondly, we insert in complete basis and calculate each exponential to
the second order. Thirdly, by taking ‘continuum limit’, the path integral formulation under timeless framework is derived.
This technique could also be applied to the path integral calculation of other constrained systems. Finally, by reexpressing the
deparameterized equation in the form of constraint, the path integral of deparameterized framework is also formulated in this
approach. Hence we have got path integral formulation of timeless framework as well as deparameterized framework. The
relation of these two kinds of path integral formulation is revealed by (2.25). They are in accordance with each other in the sense
of effective theory.
III. PATH INTEGRAL FORMULATION OF k = 1 LQC
The spatial manifold M of k = 1 FRW model is topologically a 3-sphere S3. Unlike k = 0 model, we do not have to
introduce a fiducial cell in it. Rather, the volume Vo of M with reference to a fiducial metric oqab is finite. We shall set
ℓo := V
1/3
o . The gravitational connections and the density weighted triads can still be expressed as Aia = c V
−(1/3)
o
oωia
and Eai = p V
−(2/3)
o
√
oq oeai . The fundamental Poisson bracket remains {c, p} = 8πGγ/3, and we introduce the same new
conjugate variables as in (2.2). However, the gravitational part of the Hamiltonian constraint of k = 1 model is different from
that in k = 0 model due to non-vanishing spatial curvature. In quantum theory, we have the same Hilbert space Hkin =
Hgravkin ⊗ Hmattkin . The gravitational Hamiltonian constraint operator Θ̂1 can be written as a combination of diagonal and off-
diagonal part, whose action reads [22]
Θ̂1Ψ(v) = e
−iℓ0f Θ̂0e
iℓ0fΨ(v) + Θ˜1Ψ(v), (3.1)
7where
f =
sgn v
4
| v
K
| 23 = f(v), K = 4
3
√
πγℓ2p
3∆
,
Θ˜1 = 3πGv
2[− sin2( µ¯ℓ0
2
) + (1 + γ2)(
µ¯ℓ0
2
)2] ≡ Θ˜1(v), (3.2)
and Θ̂0 ≡ Θ̂ is the Hamiltonian operator in k = 0 model. The definition of K is in accordance with [17]. For simplicity,
we still employ the simplified treatment and use Eq.(2.18). To calculate the transition amplitude between two basis vectors
in the timeless framework as (2.7), we also need to calculate Eq.(2.17) with Θ̂ replaced by Θ̂1. Note that the diagonal part
〈vn|Θ˜1|vn−1〉 is easy to deal with by writing delta function as an integration over b. We are going to evaluate the nontrivial
off-diagonal part,
〈vn|e−iℓ0f Θ̂0eiℓ0f |vn−1〉
= −3πG
4
vn−1
vn + vn−1
2
(
e−iℓ0[f(vn−1+4)−f(vn−1)]δvn,vn−1+4 − 2δvn,vn−1 + e−iℓ0[f(vn−1−4)−f(vn−1)]δvn,vn−1−4
)
. (3.3)
We assume v > 4 and do Taylor expansion as
f(v + 4)− f(v) = v
2/3
4K
(
2
3
4
v
+
1
2!
2
3
(−1
3
)(
4
v
)2 +
1
3!
2
3
(−1
3
)(−4
3
)(
4
v
)3 + ...
)
≡ g(v) + h(v),
f(v − 4)− f(v) = v
2/3
4K
(
−2
3
4
v
+
1
2!
2
3
(−1
3
)(
4
v
)2 − 1
3!
2
3
(−1
3
)(−4
3
)(
4
v
)3 + ...
)
≡ −g(v) + h(v), (3.4)
where h(v) denotes sum of the odd terms and g(v) that of the evens. Thus, Eq.(3.3) turns out to be
〈vn|e−iℓ0f Θ̂0eiℓ0f |vn−1〉
=
3πG
4
vn−1
vn + vn−1
2
1
π
∫ π
0
dbn e
−ibn(vn−vn−1)/2
[
e−iℓ0h(vn−1)2 cos(2bn − g(vn−1)ℓ0)− 2
]
. (3.5)
If we denote Λn = e−iℓ0h(vn−1)2 cos(2bn − g(vn−1)ℓ0)− 2, the matrix element of Θ̂1 can be calculated as
〈vn|Θ̂1|vn−1〉
=
1
π
∫ π
0
dbn e
−ibn(vn−vn−1)/2
(
Θ˜1(vn−1) +
3πG
4
vn−1
vn + vn−1
2
Λn
)
. (3.6)
Therefore we have
〈vn|e−iǫαΘ̂1 |vn−1〉
=
1
π
∫ π
0
dbn e
−ibn(vn−vn−1)/2
[
1− iαǫ
(
Θ˜1(vn−1) +
3πG
4
vn−1
vn + vn−1
2
Λn
)]
+O(ǫ2). (3.7)
Replacing (2.20) with (3.7) and following the procedure as in k = 0 model, finally we arrive at the path integral formulation of
k = 1 FRW model under timeless framework as
Atls(vf , φf ; vi, φi)
k=1
=c1
∫
Dα
∫
Dφ
∫
Dpφ
∫
Dv
∫
Db exp i
~
∫ 1
0
dτ
[
pφφ˙− ~v˙b
2
+ ~α
(
p2φ
~
− Θ˜1(v) − 3πG
4
v2Λ(v, b)
)]
. (3.8)
However, since Λ(v, b) is a complex function, (3.8) would imply a complex effective action or Hamiltonian. To avoid this
problem, we notice that in semiclassical regime, the higher power terms in (3.4) decrease dramatically as v increases, and hence
only the first term, denoted by g1, dominates. For example, when v = 100, f(v+4)−f(v)−g1(v)f(v+4)−f(v) < 1%. As a matter of fact, in the
simplified LQC treatment a similar approximation has already been used. In this sense, we could reserve only g1 term and get
Λ(v, b) = 2 [cos(2b− g1(v)ℓ0)− 1] = 4 sin2(b− µ¯(v)ℓ0/2). (3.9)
8Consequently, the transition amplitude turns out to be
Atls(vf , φf ; vi, φi)
k=1
=c1
∫
Dα
∫
Dφ
∫
Dpφ
∫
Dv
∫
Db exp i
~
∫ 1
0
dτ
[
pφφ˙− ~v˙b
2
+ ~α
(
p2φ
~
− Θ˜1(v) − 3πG v2 sin2(b− µ¯(v)ℓ0
2
)
)]
(3.10)
where a dot over a letter denotes the derivative with respect to τ . From this formulation we could read out the effective Hamil-
tonian constraint of timeless framework as
C tlseff =
p2φ
~
− Θ˜1(v)− 3πG v2 sin2(b − µ¯(v)ℓ0
2
). (3.11)
Note that in [22] an effective Hamiltonian constraint under timeless framework was also given by canonical theory as
Heff := Ceff
16πG
=
A(v)
16πG
[
sin2 µ¯(c− ℓ0
2
)− sin2( µ¯ℓ0
2
) + (1 + γ2)
µ¯2ℓ20
4
]
+ (
8πγℓ2pl
6
)−
3
2B(v)
p2φ
2
, (3.12)
where
A(v) = −27K
4
√
8π
6
ℓp
γ3/2
|v| ||v − 1| − |v + 1|| ,
B(v) =
(
3
2
)3
K|v|
∣∣∣|v + 1|1/3 − |v − 1|1/3∣∣∣3 . (3.13)
In large v regime, we have
A(v) = −27K
4
√
8π
6
ℓp
γ3/2
2v,
B(v) =
K
v
. (3.14)
Then the effective Hamiltonian constraint (3.12) can be simplified as
Heff =
p2φ
~2
− {Θ˜1(v) + 3πG v2 sin2[b− µ¯(v) ℓ02 ]}
2 vK~2 (
8πγℓ2
pl
6 )
3
2
. (3.15)
Note that (3.15) is slightly different from (3.11) by a factor 12 K~
2
v (
8πγℓ2pl
6 )
− 3
2 , which will not affect effective equations of motion.
The appearance of this factor is due to the difference of Eq.(2.3) from Eq.(2.4).
Taking into account of Heff = 0, the effective canonical equations can be derived from (3.15) as
dv
dτ
= {v,Heff} =
3πGv2 sin 2[b− µ¯(v) ℓ02 ]
v
K~2 (
8πγℓ2
pl
6 )
3
2
, (3.16a)
db
dτ
= {b,Heff} = −
Θ˜′1(v) + 6πG v sin
2[b− µ¯(v) ℓ02 ]− 3πGv2 sin 2[b− µ¯(v) ℓ02 ]µ¯′(v)
v
K~2 (
8πγℓ2
pl
6 )
3
2
, (3.16b)
dφ
dτ
= {φ,Heff} = 2pφ
2 vK~2 (
8πγℓ2
pl
6 )
3
2
=
√
Θ˜1(v) + 3πG v2 sin
2[b− µ¯(v) ℓ02 ]
v
K~2 (
8πγℓ2
pl
6 )
3
2
, (3.16c)
where a prime on a letter denotes the derivative with respect to the argument. Note that in order to compare the effective
equations with those in deparameterized framework, we focused on ‘positive frequency’ as Eq.(2.9) and thus chose the plus sign
in front of the square-root in Eq.(3.16c). This means that the internal time φ is monotonically increasing with τ .
Following the same procedure in k = 0 model, we also obtain the path integral formulation of k = 1 model under deparame-
terized framework as
Adep(vf , φf ; vi, φi)
k=1
=c′1
∫
Dv
∫
Db exp i
~
∫
dφ(
√
Θ˜1(v) + 3πG v2 sin
2[b− µ¯(v)ℓ0
2
]~− ~v˙b
2
). (3.17)
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S[b, v] =
∫
dφ(
√
Θ˜1(v) + 3πG v2 sin
2[b− µ¯(v)ℓ0
2
]~− ~v˙b
2
), (3.18)
and thus the effective Hamiltonian under deparameterized framework,
Hdepeff = −
√
Θ˜1(v) + 3πG v2 sin
2[b− µ¯(v)ℓ0
2
]~. (3.19)
Hence the effective equations of this model can be derived by following Poisson brackets
dv
dφ
= {v,Hdepeff } =
3πGv2 sin 2[b− µ¯(v) ℓ02 ]√
Θ˜1(v) + 3πG v2 sin
2[b− µ¯(v) ℓ02 ]
, (3.20a)
db
dφ
= {b,Hdepeff } = −
Θ˜′1(v) + 6πG v sin
2[b− µ¯(v) ℓ02 ]− 3πGv2 sin 2[b− µ¯(v) ℓ02 ]µ¯′(v)√
Θ˜1(v) + 3πG v2 sin
2[b − µ¯(v) ℓ02 ]
, (3.20b)
It is easy to see that the effective equations (3.20) can be derived from equations (3.16) by dvdφ = dv/dτdφ/dτ and dbdφ = db/dτdφ/dτ .
Therefore, the effective action in (3.18) predicts the same equations of motion for the k = 1 FRW universe as those in [22]. The
quantum bounce driven by the quantum gravity effect would lead to a cyclic universe for this model. Moreover, the comparison
between the path integrals in the deparameterized framework and timeless framework implies their equivalence in the sense of
effective theory.
IV. PATH INTEGRAL FORMULATION OF k = −1 LQC
In k = −1 FRW model, the spatial manifold is noncompact just as that of k = 0 model. So we should still choose a fiducial
cell V in the spatial manifold and restrict all integrations on it. The gravitational phase space variables (Aia, Eai ) and reduced
new conjugate variables (v, b) are defined in the same ways as k = 0 model. In k = −1 LQC [23], by the simplified treatment
the off diagonal part of the gravitational constraint operator Θ̂−1 is exactly the Hamiltonian operator in k = 0 model, while the
k = −1 model contributes only diagonal part, i.e.
Θ̂−1 = Θ̂0 + Θ˜−1, (4.1)
where
Θ˜−1 = −B(v)−1 8πGγ
2V
2/3
0
12K1/3
|v|1/3||v + 1| − |v − 1||. (4.2)
In large v regime, we have
Θ˜−1(v) = −3πGv2γ2V
2
3
0 µ¯
2. (4.3)
In the simplified treatment, we can still apply the Θ̂0 in (2.18) to (4.1). Thus, by Eq.(2.19), we can easily write down the matrix
element of Θ̂−1 as
〈vn|Θ̂−1|vn−1〉
=
1
π
∫ π
0
dbn e
−ibn(vn−vn−1)/2[Θ˜−1(vn−1) + 3πG vn−1
vn + vn−1
2
sin2 µ¯c]. (4.4)
Hence, through the approach outlined in Section 2, we can also obtain the path integral formulation of timeless framework as
Atls(vf , φf ; vi, φi)
k=−1
=c−1
∫
Dα
∫
Dφ
∫
Dpφ
∫
Dv
∫
Db exp i
~
∫ 1
0
dτ
[
pφφ˙− ~v˙b
2
+ ~α
(
p2φ
~
− 3πGv2
(
sin2 b− γ2V
2
3
0 µ¯
2
))]
(4.5)
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where a dot over a letter denotes the derivative with respect to τ . The effective Hamiltonian constraint for k = −1 FRW model
is then derived as
Htlseff =
p2φ
~
− 3πGv2
(
sin2 b− γ2V
2
3
0 µ¯
2
)
. (4.6)
Also, Eq.(4.6) is in accordance with the Hamiltonian constraint given in [23], which reads
Heff = − 3
√
|p|
8πGγ2µ¯2
sin2(µ¯c) +
3
√
|p|V 2/30
8πG
+ |p|3/2ρM
=
p2φ
~
− 3πGv2
(
sin2 b − γ2V
2
3
0 µ¯
2
)
2 vK~2 (
8πγℓ2
pl
6 )
3
2
. (4.7)
On the other hand, we also use (4.4) to obtain the path integral formulation of k = −1 model under deparameterized frame-
work as
Adep(vf , φf ; vi, φi)
k=−1
=c′−1
∫
Dv
∫
Db exp i
~
∫
dφ(
√
3πGv2
(
sin2 b− γ2V
2
3
0 µ¯
2
)
~− ~v˙b
2
). (4.8)
The effective Hamiltonian in the deparameterized framework for k = −1 FRW model can be derived as
Hdepeff = −
√
3πGv2
(
sin2 b− γ2V 230 µ¯2
)
~. (4.9)
Though Poisson bracket we obtain the following effective equations
v˙ = {v,Hdepeff } =
3πGv2 sin 2b√
3πGv2
(
sin2 b − γ2V
2
3
0 µ¯
2
) , (4.10a)
b˙ = {b,Hdepeff } = −
6πGv sin2 b− 6× 31/3πGγ2V
2
3
0 v
1
3√
3πGv2
(
sin2 b− γ2V
2
3
0 µ¯
2
) . (4.10b)
It is easy to check that equations (4.10) are equivalent to the effective equations derived by the Hamiltonian (4.6) or (4.7), and
the classical big bang singularity is also replaced by a quantum bounce in k = −1 LQC.
In conclusion, a multiple group-averaging approach is proposed to derive the path integral formulation for all FRW models of
k = 0,+1,−1. In all these models, one can express the transition amplitude in the deparameterized framework in terms of group
averaging. The relation between the path integral formulation in timeless framework and that in deparameterized framework is
then clarified. The effective Hamiltonian in deparameterized framework and the effective Hamiltonian constraint in timeless
framework can respectively be derived by the path integrals. They lead to same equations of motion and hence coincide with
each other. The effective Hamiltonian constraints given by the canonical theories of the three models are also confirmed by the
path integral formulation. Hence the canonical and path integral formulations of LQC coincide.
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